A smooth, projective surface S is called a standard isotrivial fibration if there exists a finite group G which acts faithfully on two smooth projective curves C and F so that S is isomorphic to the minimal desingularization of T := (C × F )/G. Standard isotrivial fibrations of general type with pg = q = 1 have been classified in [Pol09] under the assumption that T has only Rational Double Points as singularities. In the present paper we extend this result, classifying all cases where S is a minimal model. As a byproduct, we provide the first examples of minimal surfaces of general type with pg = q = 1, K 2 S = 5 and Albanese fibration of genus 3. Finally, we show with explicit examples that the case where S is not minimal actually occurs.
Introduction
Surfaces of general type with pg = q = 1 are still not well understood, and few examples are known. For a minimal surface S satisfying pg(S) = q(S) = 1, one has 2 ≤ K 2 S ≤ 9 and the Albanese map is a connected fibration onto an elliptic curve. We denote by g alb the genus of a general Albanese fibre of S. A classification of surfaces with K 2 S = 2, 3 has been obtained by Catanese, Ciliberto, Pignatelli in [Ca81] , [CaCi91] , [CaCi93] , [CaPi06] . For higher values of K 2 S some families are known, see [Ca99] , [CarPol] , [Is05] , [Pi08] , [Pol09] , [Ri07] , [Ri08] . As the title suggest, this paper considers surfaces with pg = q = 1 which are standard isotrivial fibrations. This means that there exists a finite group G which acts faithfully on two smooth projective curves C and F so that S is isomorphic to the minimal desingularization of T := (C × F )/G, where G acts diagonally on the product (see [Se96] ). When pg = q = 1 and T contains at worst Rational Double Points (RDPs) as singularities, standard isotrivial fibrations have been studied in [Pol09] and [CarPol] . In the present article we make a further step toward their complete classification, since we describe all cases where S is a minimal model. As a by-product, we provide the first examples of minimal surfaces of general type with pg = q = 1, K 2 S = 5 and g alb = 3 (see Section 5.2). Our classification procedure combines methods from both geometry and combinatorial group theory. The basic idea is that since S is the minimal desingularization of T = (C × F )/G, the two projections πC : C × F −→ C, πF : C × F −→ F induce two morphisms α : S −→ C/G, β : S −→ F/G whose smooth fibres are isomorphic to F and C, respectively. We have 1 = q(S) = g(C/G) + g(F/G), hence we may assume that F/G ∼ = P 1 and E := C/G is an elliptic curve. Therefore α : S −→ E is the Albanese fibration of S and g alb = g(F ). The geometry of S is encoded in the geometry of the two coverings h : C −→ E, f : F −→ P 1 and the invariants of S impose strong restrictions on g(C), g(F ) and |G|. Indeed we can prove that under our assumptions g(F ) = 2 or 3, hence we may exploit the classification of finite groups acting on curves of low genus given in [Br90] . The problem of constructing our surfaces is then translated into the problem of finding two systems of generators of G, that we call V and W, which are subject to strict conditions of combinatorial type. The existence of such systems of generators can be checked in every case either by hand-made computations or by using the computer algebra program GAP4 (see [GAP4] ). This method of proof is similar to the one used in [CarPol] and [Pol09] , of which the present paper is a natural sequel; the main problem here is that when T contains singularities worse than RDPs, they contribute not only to χ(OS), but also to K 2 S . However, since in any case T contains only cyclic quotient singularities, this contribution is well known and can be computed in terms of Hirzebruch-Jung continued fractions (Corollary 3.6). When S is minimal, we are able to use all this information in order to achieve a complete classification.
Theorem. Let λ : S −→ T := (C×F )/G be a standard isotrivial fibration of general type with pg = q = 1, and assume that T contains at least one singularity which is not a RDP and that S is a minimal model. Then there are exactly the following cases. Examples of non minimal standard isotrivial fibrations with pg = q = 1 actually exist. We exhibit two of them, one with K = 3. The description of all non minimal examples would put an end to the classification of standard isotrivial fibrations with pg = q = 1; however, it seems to us difficult to achieve it by using our method. The main problem is that we are not able to find an effective lower bound for K 2 S . In fact, we can easily show that S contains at most five (−1)-curves (Proposition 6.1); nevertheless, when we contract them further (−1)-curves may appear. For instance, this actually happens in our example with K 2 S = 1.
Notations and conventions. All varieties, morphisms, etc. in this article are defined over C. If S is a projective, non-singular surface S then KS denotes the canonical class, pg(S) = h 0 (S, KS) is the geometric genus, q(S) = h 1 (S, KS) is the irregularity and χ(OS) = 1 − q(S) + pg(S) is the Euler characteristic. Throughout the paper we use the following notation for groups:
• Zn: cyclic group of order n.
• Dp,q,r = Zp ⋉ Zq = x, y | x p = y q = 1, xyx −1 = y r : split metacyclic group of order pq. The group D2,n,−1 is the dihedral group of order 2n and it will be denoted by Dn.
• Sn, An: symmetric, alternating group on n symbols. We write the composition of permutations from the right to the left; for instance, (13)(12) = (123).
• GLn(Fq), SLn(Fq), PSLn(Fq): general linear, special linear and projective special linear groups of n × n matrices over a field with q elements.
• Whenever we give a presentation of a semi-direct product H ⋉ N , the first generators represent H and the last generators represent N . The action of H on N is specified by conjugation relations.
• The order of a finite group G is denoted by |G|. If x ∈ G, the order of x is denoted by |x|, its centralizer in G by CG(x) and the conjugacy class of x by Cl(x). If x, y ∈ G, their commutator is defined as [x, y] = xyx −1 y −1 .
• If X = {x1, . . . , xn} ⊂ G, the subgroup generated by X is denoted by x1, . . . , xn . The derived subgroup of G is denoted by [G, G].
• IdSmallGroup(G) indicates the label of the group G in the GAP4 database of small groups. For instance IdSmallGroup(D4 ) = G(8, 3) means that D4 is the third in the list of groups of order 8. 
Group-theoretic preliminaries
In this section we fix the algebraic set-up and we present some preliminary results of combinatorial type.
Definition 1.1. Let G be a finite group and let
such that the following conditions are satisfied:
• the set V generates G;
• |gi| = mi;
. . , mr)−generated.
. . , mr)−generated then either r = 0 or r ≥ 2. Moreover if r = 2 then m1 = m2.
For convenience we make abbreviations such as (4 | 2 3 , 3 2 ) for (4 | 2, 2, 2, 3, 3) when we write down the type of the generating vector V. Moreover we set m := (m1, . . . , mr).
Proposition 1.3 (Riemann Existence Theorem). A finite group G acts as a group of automorphisms of some compact Riemann surface X of genus g if and only if there exist integers
. . , mr)−generated, with generating vector V = {g1, . . . , gr; h1, . . . , h 2g ′ }, and the Riemann-Hurwitz relation holds:
If this is the case, g ′ is the genus of the quotient Riemann surface Y := X/G and the G−cover X −→ Y is branched in r points P1, . . . , Pr with branching numbers m1, . . . , mr, respectively. In addition, the subgroups gi and their conjugates provide all the nontrivial stabilizers of the action of G on X.
We refer the reader to [Br90, Section 2], [Bre00, Chapter 3], [H71] and [Pol09, Section 1] for more details. Now let X be a compact Riemann surface of genus g ≥ 2 and let G ⊆ Aut(X). For any h ∈ G set H := h and define the set of fixed points of h as FixX (h) = FixX (H) := {x ∈ X | hx = x}.
For our purposes it is also important to take into account how an automorphism acts in a neighborhood of each of its fixed points. We follow the exposition of [Bre00, pp.17, 38] . Let D be the unit disk and h ∈ Aut(X) of order m > 1 such that hx = x for a point x ∈ X. Then there is a unique primitive complex m-th root of unity ξ such that any lift of h to D that fixes a point in D is conjugate to the transformation z −→ ξ · z in Aut(D). We write ξx(h) = ξ and we call ξ −1 the rotation constant of h in x. Then for each integer q ≤ m − 1 such that (q, m) = 1 we define
that is the set of fixed points of h with rotation constant ξ −q . Clearly, we have
FixX,q(h).
Proposition 1.4. Assuming that we are in the situation of Proposition 1.3, let h ∈ G × be of order m, H = h and (q, m) = 1. Then
Proof. See [Bre00, Lemma 10.4 and 11.5].
Corollary 1.5. Assume that h ∼G h q . Then |FixX,1(h)| = |FixX,q(h)|.
Surface cyclic quotient singularities and Hirzebruch-Jung resolutions
Let n and q be natural numbers with 0 < q < n, (n, q) = 1 and let ξn be a primitive n−th root of unity. Let us consider the action of the cyclic group Zn = ξn on C 2 defined by ξn ·(x, y) = (ξnx, ξ q n y). Then the analytic space Xn,q = C 2 /Zn has a cyclic quotient singularity of type 1 n
(1, q), and Xn,q ∼ = X n ′ ,q ′ if and only if n = n ′ and either q = q ′ or′ ≡ 1 (mod n). The exceptional divisor on the minimal resolutioñ Xn,q of Xn,q is a H-J string (abbreviation of Hirzebruch-Jung string), that is to say, a connected union
Zi of smooth rational curves Z1, . . . , Z k with self-intersection ≤ −2, and ordered linearly so that ZiZi+1 = 1 for all i, and ZiZj = 0 if |i − j| ≥ 2. More precisely, given the continued fraction
Notice that a RDP of type An corresponds to the cyclic quotient singularity 1 n+1
(1, n).
Definition 2.1. Let x be a cyclic quotient singularity of type 1 n (1, q). Then we set
where 1 ≤ q ′ ≤ n − 1 is such that′ ≡ 1 (mod n).
Standard isotrivial fibrations
In this section we establish the basic properties of standard isotrivial fibrations. Definition 3.1 and Theorem 3.2 can be found in [Se96] .
Definition 3.1. We say that a projective surface S is a standard isotrivial fibration if there exists a finite group G acting faithfully on two smooth projective curves C and F so that S is isomorphic to the minimal desingularization of T := (C × F )/G, where G acts diagonally on the product. The two maps α : S −→ C/G, β : S −→ F/G will be referred as the natural projections.
The stabilizer H ⊆ G of a point y ∈ F is a cyclic group ( [FK92] , p.106). If H acts freely on C, then T is smooth along the scheme-theoretic fibre of σ : T −→ F/G overȳ ∈ F/G, and this fibre consists of the curve C/H counted with multiplicity |H|. Thus, the smooth fibres of σ are all isomorphic to C. On the contrary, if x ∈ C is fixed by some non-zero element of H, then T has a cyclic quotient singularity over the point (x, y) ∈ (C × F )/G. These observations lead to the following statement, which describes the singular fibres that can arise in a standard isotrivial fibration (see [Se96] , Theorem 2.1). (ii) The intersection of a string with Y is transversal, and it takes place at only one of the end components of the string.
(iii) Y is isomorphic to C/H, and has multiplicity equal to |H| in Λ.
An analogous statement holds if we consider the natural projection α : S −→ C/G. 
If T has just three singularities, i.e.
(1) all elements of order n are conjugate in G;
(2) T contains a singular point of type 1 n (1, q) for some q such that (q, n) = 1.
Then T contains a singular point of type
1 n (1, r) for all r such that (r, n) = 1.
Proof. By assumption (2) there exists a point p = (p1, p2) ∈ C × F such that the stabilizer of p has order n and its generator h acts, in suitable local coordinates centered at p, as h · (x, y) = (ξx, ξ q y), where ξ = e 2πi/n . Therefore p2 ∈ |FixF,q(h)|. Now let r be such that (r, n) = 1; using assumption (1) and Corollary 1.5 we obtain |FixF,r(h)| = |FixF,q(h)| = 0. If p Proposition 3.5. Let V be a smooth algebraic surface, and let G be a finite group acting on V with only isolated fixed points. Let λ : S −→ T be the minimal desingularization. Then we have
So we obtain
Corollary 3.6. Let λ : S −→ T = (C × F )/G be a standard isotrivial fibration. Then the invariants of S are given by
(ii) e(S) = (1, 1).
• K 2 S = 5 : (i). (1, 1);
(1, 1).
• K 2 S = 4 : (i). (1, 1).
•
(1, 3);
(ii). (1, 1).
• K 2 S = 2 : (i). (1, 5);
(ii). (1, 1); (xii). (1, 1); (xvii). Proof. By Corollary 3.6 we have K 2 S = 2e(S) − P x∈Sing T (2ex − hx) and Noether formula yields K 2 S = 12 − e(S), hence
where Bx is as in Definition 2.1. Notice that 3 ≤ Bx ≤ 18 and that Bx = 3 if and only if x is of type 1 2
(1, 1). By Theorem 3.2 there are either none or at least 2 singularities, and if there are exactly two singularities they are of the form 1 n (1, q1) and 1 n (1, q2), see Corollary 3.3. By analyzing all singularities with Bx ≤ 6, we see that one cannot have exactly two singularities x1 and x2 with Bx 1 > 12 and Bx 2 < 6. Hence we may only consider singularities with Bx ≤ 12. A list of all such singularities with their numerical invariants is given in Appendix A. For each fixed K 2 S we have to consider all possibilities for Sing(T ) such that
and we must exclude those sets of singularities contradicting Corollary 3.3. In this way we get our list. If K 2 S = 8 then equation (2) implies that T is smooth, whereas if K 2 S = 7 then T would have exactly one singular point of type 1 2
(1, 1), impossible by Theorem 3.2.
Proposition 4.2. Let S be as in Proposition 4.1 and let us assume |Sing T | = 2 or 3. Then
r}, except at most one;
• nj divides g(F ) − 1 for all j ∈ {1, . . . , s}, except at most one.
If |Sing T | = 4 or 5 then the same statement holds with "at most two" instead of "at most one".
Proof. Assume |Sing T | = 2 or 3. Then by Theorem 3.2 the corresponding H-J strings must belong to the same fibre of β : S −→ F/G. It follows that, for all i except one, there is a subgroup H of G, isomorphic to Zm i , which acts freely on C. Now Riemann-Hurwitz formula applied to C −→ C/H gives 5 Standard isotrivial fibrations with p g = q = 1
From now on we suppose that λ : S −→ T = (C × F )/G is a standard isotrivial fibration with pg = q = 1. Since q = 1, we may assume that E := C/G is an elliptic curve and that F/G ∼ = P 1 . Then the natural projection α : S −→ E is the Albanese morphism of S and g alb = g(F ). Let V = {g1, . . . gr} be a generating vector for G of type (0 | m1, . . . , mr), inducing the G-cover F −→ P 1 and let W = {ℓ1, . . . ℓs; h1, h2} be a generating vector of type (1 | n1, . . . , ns) inducing the G-cover C −→ E. Then Riemann-Hurwitz formula implies
The cyclic subgroups g1 , . . . , gr and their conjugates provide the non-trivial stabilizers of the action of G on F , whereas ℓ1 , . . . , ℓs and their conjugates provide the non-trivial stabilizers of the actions of G on C. The singularities of T arise from the points in C × F with nontrivial stabilizer; since the action of G on C × F is the diagonal one, it follows that the set S of all nontrivial stabilizers for the action of G on C × F is given by
Proposition 5.1. Let G be a finite group which is both (0 | m1, . . . , mr)−generated and (1 | n1, . . . , ns)−generated, with generating vectors V = {g1, . . . , gr} and W = {ℓ1, . . . , ℓs; h1, h2}, respectively. Denote by
the G-covers induced by V and W and let g(F ), g(C) be the genera of F and C, that are related to |G|, m, n by (3). Define
hx and assume that equality
holds. Then the minimal desingularization S of T satisfies
Proof. The normal surface T satisfies q(T ) = 1; since all quotient singularities are rational it follows q(S) = 1. Corollary 3.6 and relation (5) yield K 2 S = k and K
2
S + e(S) = 12, hence χ(OS) = 1 by Noether formula; this implies pg(S) = 1. Finally if k > 0 then S is of general type, because q(S) > 0.
Lemma 5.2. Let λ : S −→ T = (C × F )/G be a standard isotrivial fibration with pg = q = 1. Then we have
Proof. Applying Corollary 3.6 and the second relation in (3) we obtain
The cases where T has at worst RDP have already been classified in [Pol09] and [CarPol] . Hence, in the sequel we will consider the situation where T contains at least one singularity which is not a RDP.
S ≥ 2 such that T contains at least one singularity which is not a RDP. Then there are at most the following possibilities:
(1, 1) + 1 3
(1, 2);
(1, 1) + 2 × 1 4
(1, 1);
(1, 2).
(1, 1) + 1 8
(1, 3) + 1 8
(1, 5);
(1, 2) + 2 × 1 6
(1, 1) + 1 4
(1, 1) + 2 × 1 3
(1, 2). • K (1, 2). Using formula (6) and the table in Appendix A we obtain
, so g(F ) = 2 which contradicts Corollary 4.3.
(ii). Sing(T ) = 2 × 1 4
(1, 1). We obtain
, hence g(F ) = 3 or 4. The case g(F ) = 4 is numerically impossible, so the only possibility is g(
• K (1, 3). We obtain
(ii). Sing(T ) = 2 × 1 5
(1, 2). We obtain
If s = 1 then
, so g(F ) = 2 which contradicts Corollary 4.3. (1, 1). We obtain
If s = 1 then 3 2 < g(F ) − 1 ≤ 3, so g(F ) = 3 or 4. In the former case we obtain the possibility g(F ) = 3, n = (4); in the latter n = (2) and T would contain only singular points of of type A1, a contradiction.
, so g(F ) = 2 against Corollary 4.3
(1, 4). We obtain
, so g(F ) = 3 which is numerically impossible. If s ≥ 2 then g(F )−1 ≤ (1, 2) + 1 7
(1, 3). We obtain
, so either g(F ) = 2 or g(F ) = 3. In the former case we must have s = 1, which is impossible. In the latter we obtain
, which has no integer solutions.
(iv). Sing(T ) =
1 8
(1, 3). We obtain (1, 3). We obtain
which implies either g(F ) = 2 or g(F ) = 3. In the former case we have s = 1, which is numerically impossible. In the latter we obtain
, which has no solutions.
(vi). Sing(T ) = 1 2
hence either g(F ) = 2 or g(F ) = 3. The former case yields n = (2 2 ) and the latter n = (2); then T would have at worst A1−singularities, a contradiction. (1, 1). We obtain
hence either g(F ) = 2 or g(F ) = 3. In the former case the only possibility is n = (2, 4). In the latter we
(viii). Sing(T ) = 2 × 1 2
which gives the only possibility g(F ) = 2, n = (6).
•K 2 = 2.
(i). Sing(T ) = 1 6
(1, 1) + 1 6
(1, 5). We obtain
, which is a contradiction. If g(F ) = 2 then s = 1 by Corollary 4.3, so 1 −
which is impossible.
(ii). Sing(T ) = 1 9
(1, 2) + 1 9
(1, 4). We have
hence g(F ) = 2 or 3 and we obtain a contradiction as before.
(iii). Sing(T ) = 2 × 1 10
(1, 3). We have
(iv). Sing(T ) = 1 11
(1, 3) + 1 11
(1, 7). We have
(v). Sing(T ) = 1 12
(1, 5) + 1 12
(vi). Sing(T ) = 2 × 1 13
(1, 5). We have
(viii). Sing(T ) = 1 2
(1, 1) + 1 5
(1, 2) + 1 10
hence g(F ) = 2 and n = (10). This means that G is one of the groups listed in Table 2 of Appendix B and that 10 divides |G|, a contradiction.
(ix). Sing(T ) = 1 2
(1, 3). We have (1, 5). We obtain
and the only possibility is g(F ) = 2, n = (8).
(xi). Sing(T ) = 1 3
(1, 1). We have (1, 1) + 2 × 1 8
, which has no solutions; if g(F ) = 2 then s = 1 which is a contradiction.
(xiii). Sing(T ) = 3 × 1 5
hence n = (5) and g(F ) = 2. This means that 5 divides |G| and that G is one of the groups listed in Table 2 of Appendix B, a contradiction.
(xiv) Sing(T ) = 2 × 1 2
which gives the possibility g(F ) = 2, n = (4).
(xv). Sing(T ) = 2 × 1 2
(1, 1) + 2 × 1 5
(xvi). Sing(T ) = 4 × 1 4
so g(F ) = 2, 3 or 4. At least one of the ni must be divisible by 4, otherwise T could not contain singularities of type 1 4
(1, 1). Hence the only possibilities are g(F ) = 2, n = (4 2 ) and g(F ) = 3, n = (4).
(xvii). Sing(T ) = 1 3
(1, 2) + 2 × 1 4
so either g(F ) = 2 or g(F ) = 3. Consequently, either
, and in both cases there are no solutions. (1, 2). We obtain
which gives the possibility g(F ) = 2, n = (3).
(xix). Sing(T ) = 3 × 1 2
hence g(F ) = 2 or 3. If g(F ) = 2 then n = (2 2 ), whereas if g(F ) = 3 then n = (2); both cases are impossible otherwise T would have only A1-singularities. (1, 2). We obtain
which has no solutions.
This concludes the proof of Proposition 5.3.
5.1
The case where G is abelian Proof. Suppose that G is abelian and T contains at least one singularity which is not a RDP. Then by Proposition 5.3 and Remark 1.2 we must have
Corollary 3.6 implies g(C) − 1 = 3 4
|G|. Referring to Table 1 of Appendix B, we are left with two cases:
2 ), g(C) = 7.
Therefore G must be cyclic. Let W = {ℓ1, ℓ2; h1, h2} be a generating vector of type (1 | 4 2 ) for G; then ℓ1 = (ℓ2) −1 and Proposition 1.4 implies |FixC,1(ℓ1)| = |FixC,3(ℓ1)| = 2.
In particular FixC,1(ℓ1) and FixC,3(ℓ1) are both nonempty. Hence the same argument used in proof of Proposition 3.4 shows that if S contains a singularity of type 1 4
(1, 1) then it contains also a singularity of type 1 4
(1, 3), a contradiction. This concludes the proof.
Therefore in the sequel we may assume that G is a nonabelian group.
The case K
Lemma 5.5. Referring to Table 3 in Appendix B, in cases (3g), (3h), (3i), (3j), (3s), (3u), (3v) the group G is not (1 | 8)−generated.
Proof. In cases (3g), (3h), (3i), (3j) we have [G, G] = Z2, in case (3s) we have [G, G] = A4, in case (3u) we have [G, G] = Z4 × Z4 and in case (3v) we have [G, G] = G(48, 3). So in all cases [G, G] contains no elements of order 8 and we are done.
Proposition 5.6. Let λ : S −→ T = (C × F )/G be a standard isotrivial fibration with pg = q = 1, K 2 S = 5 such that T contains at least one singularity which is not a RDP. Then g(F ) = 3, n = (3), Sing(T ) = 1 3 (1, 1) + 1 3 (1, 2). In particular G must be one of the groups in Table 3 of Appendix B.
Furthermore exactly the following cases occur:
IdSmall G Group(G) m g(C) Is S minimal? S3 G(6, 1
Let us rule out first case (b). If it occurs then (g(C) − 1) = 7 16
|G| by Corollary 3.6, so |G| is divisible by 16; moreover, since n = (8), the group G must be (1 | 8)-generated. Cases (3g), (3h), (3i), (3j), (3s), (3u), (3v) are excluded by Lemma 5.5; cases (3q), (3r), (3t) are excluded by Proposition 4.2. So (b) does not occur and we must only consider possibility (a).
If it occurs then g(C) − 1 = 1 3 |G|, so |G| is divisible by 3. Moreover, since n = (3), the group G must be (1 | 3)-generated. Cases (3f ), (3k), (3m), (3n), (3t), (3u) in Table 3 are excluded by Proposition 4.2. Now let us show that all the remaining cases occur.
• Case (3a). G = S3, m = (2 4 , 3), g(C) = 3, Sing(T ) = 1 3
(1, 2). Set g1 = (12), g2 = (12), g3 = (12), g4 = (13), g5 = (123) ℓ1 = (123), h1 = (13), h2 = (12).
We have S = Cl((123)) = {(123), (132)} and for all h ∈ S |FixF,1(h)| = |FixF,2(h)| = 1 |FixC,1(h)| = |FixC,2(h)| = 1.
So C × F contains exactly four points with nontrivial stabilizer and for each of them the G-orbit has cardinality |G|/|(123)| = 2. Hence T contains precisely two singular points and looking at the rotation constants we see that Sing(T ) = 1 3
(1, 2), as required. So this case occurs by Proposition 5.1.
• Case (3d). G = D4,3,−1 = x, y | x 4 = y 3 = 1, xyx
(1, 2). Set
We have S = Cl(y) = {y, y 2 } and for all h ∈ S |FixF,1(h)| = |FixF,2(h)| = 1 |FixC,1(h)| = |FixC,2(h)| = 2.
So C × F contains exactly 8 points with nontrivial stabilizer and for each of them the G-orbit has cardinality |G|/|y| = 4. Looking at the rotation constants we see that Sing(T ) = 1 3
(1, 2), as required.
• Case (3e).
(1, 2). Set g1 = x, g2 = xy 2 , g3 = y 3 , g4 = y ℓ1 = y 2 , h1 = x, h2 = y.
We have S = Cl(y 2 ) = {y 2 , y 4 } and for all h ∈ S |FixF,1(h)| = |FixF,2(h)| = 1
So C × F contains exactly 8 points with nontrivial stabilizer and for each of them the G-orbit has cardinality |G|/|y 2 | = 4. Looking at the rotation constants we see that Sing(T ) = 1 3
• Case (3l). G = D2,12,5 = x, y | x 3 = y 7 = 1, xyx −1 = y 2 , m = (2, 4, 12), g(C) = 9, Sing(T ) = 1 3
(1, 2). Set g1 = x, g2 = xy 11 , g3 = y ℓ1 = y 4 , h1 = y, h2 = x.
We have S = Cl(y 4 ) = {y 4 , y 8 } and for all h ∈ S |FixF,1(h)| = |FixF,2(h)| = 1
So C × F contains exactly 16 points with nontrivial stabilizer and for each of them the G-orbit has cardinality |G|/|y 4 | = 8. Looking at the rotation constants we see that Sing(T ) = 1 3
• Case (3o). G = S4, m = (3, 4
2 ), g(C) = 9, Sing(T ) = (1, 1) + 1 3
• Case (3p). G = S4, m = (2 3 , 3), g(C) = 9, Sing(T ) = (1, 1) + 1 3
• Case (3s). G = Z2 × S4, m = (2, 4, 6), g(C) = 17, Sing(T ) = (1, 1) + 1 3
• Case (3v).
(1, 2). Set g1 = zxz 3 , g2 = y, g3 = xyxzxz 3 ℓ1 = y, h1 = yz, h2 = xy. (1, 2), as required.
• Case (3w). G = PSL2(F7), m = (2, 3, 7), g(C) = 57, Sing(T ) = (1, 2). It is well known that G can be embedded in S8; in fact G = (375)(486), (126)(348) . Set g1 = (12)(34)(58)(67), g2 = (154)(367), g3 = (1247358) ℓ1 = (154)(367), h1 = (2465837), h2 = (1352678).
We have S = Cl( (154)(367) (1, 2), as required.
In all cases S contains only one singular Albanese fibreF , which is illustrated in Figure 1 below.
Figure 1.
Here A is a (−3)-curve, whereas B1 and B2 are (−2)-curves. Since n = (3), the central component Y has multiplicity 3 inF (see Theorem 3.2) and a straightforward computation, usingF A =F B1 = F B2 = 0, shows thatF = 3Y + A + 2B1 + B2.
Using KSF = 2g(F ) − 2 = 4 andF 2 = 0 we obtain KSY = 1 and Y 2 = −1. Hence Y is not a (−1)-curve and S is minimal.
The case K
Lemma 5.7. Referring to Table 3 of Appendix B, in cases (3i), (3j), (3s), (3v) the group G is not (1 | 4)-generated.
Proof. In cases (3i) and (3j) In particular G must be one of the groups in Table 3 of Appendix B. Using Corollary 3.6, we obtain g(C) − 1 = 3 8
|G|, so 8 divides |G|; moreover, since n = (4), it follows that G must be (1 | 4)-generated. Cases (3i), (3j), (3s), (3v) are excluded by Lemma 5.7; cases (3b), (3c), (3g), (3h), (3l), (3m), (3o), (3p) are excluded by Proposition 4.2; cases (3n) and (3w) are excluded because the signature m is not compatible with the singularities of T . It remains to rule out cases (3q), (3r), (3t), (3u).
• Case (3q). (1, 3). Therefore this case cannot occur.
• Case (3r). (1, 1). Let W = {ℓ1; h1, h2}. Since we have [G, G] = yz 2 , we may assume ℓ1 = yz 2 . Then ℓ1 ∼G ℓ −1 1 , and this case can be excluded as the previous one.
• Case (3t). G = G(48, 33), m = (2, 3, 12), Sing(T ) = (1, 3). Therefore this case cannot occur.
• Case (3u).
(1, 1). Let V = {g1, g2, g3} and W = {ℓ1; h1, h2}. We have [G, G] = y, z ∼ = Z4 × Z4 and the conjugacy classes in G of elements of order 4 in [G, G] are as follows:
If ℓ1 ∼G g3 then T contains only singularities of type 1 4
(1, 1), whereas if ℓ1 ∼G g
then T contains only singularities of type (1, 1). Therefore this case cannot occur. In particular G must be one of the groups in Table 2 of Appendix B. We refer to this table and we consider separately the two cases.

Furthermore exactly the following cases occur:
Case (a). Using Corollary 3.6 we obtain g(C) − 1 = 5 8
|G|, so 8 divides |G|; moreover, since n = (2, 4), it follows that |G| must be (1 | 2, 4)-generated. Cases (2b), (2c), (2g) are excluded by Proposition 4.2, whereas case (2i) is excluded because GL2(F3) is not (1 | 2, 4)-generated (this can be easily checked with GAP4). In cases (2f ) and (2h) each element of order 4 in G is conjugate to its inverse, hence the same argument used in proof of Proposition 3.4 shows that if T contains a singular point of type (1, 3). Therefore this case cannot occur.
Case (b). Using Corollary 3.6 we obtain g(C) − 1 = 5 12 |G|, so 12 divides |G|; moreover, since n = (6), it follows that G must be (1 | 6)-generated. Cases (2d), (2e), (2h) are excluded by Proposition 4.2; it remains to show that cases (2g) and (2i) actually occur.
• Case (2g).
(1, 2). Set g1 = x, g2 = zwx, g3 = yzw ℓ1 = yw, h1 = zw, h2 = x.
We have ℓ1 = {1, yw, w 2 , y, w, yw 2 } g2 = {1, zwx, y, yzwx} g3 = {1, yzw, w 2 , yz, w, yzw 2 }.
One easily checks that -the subgroup ℓ1 is conjugate only to itself;
-the subgroup g3 is conjugate to
-there are six subgroups of G conjugate to g2 and different from it; all of them contain Z(G) = y as their unique subgroup of order 2. Hence C × F contains exactly -24 points having stabilizer of order |y| = 2 and G-orbit of cardinality 12;
-16 points having stabilizer of order |w| = 3 and G-orbit of cardinality 8.
Looking at the rotation constants we see that Sing(T ) = 2 × 1 2
(1, 2), as required, so this case occurs.
• Case (2i). G = GL2 (F3), m = (2, 3, 8) , g(C) = 21, Sing(T ) = 2 × 1 2
All the eight elements of order 3 in G are conjugate, so for all h ∈ Cl(g2) we have
Therefore C × F contains exactly -32 points having stabilizer of order |g2| = 3 and G-orbit of cardinality 16;
-48 points having stabilizer of order |ℓ| = 2 and G-orbit of cardinality 24.
In all cases S contains only one singular Albanese fibreF , which is illustrated in Figure 2 . Here A, Figure 2 .
B, D1 and D2 are (−2)-curves, C is a (−3)-curve and a straightforward computation shows that F = 6Y + 3A + 3B + 2C + 4D1 + 2D2.
Using KSF = 2 andF 2 = 0 we obtain KSY = 0 and Y 2 = −2, so Y is not a (−1)-curve and S is minimal. 
In case (d) exactly the following two subcases occur:
In case (e) there is just one occurrence:
Finally, in case (g) there are exactly the subcases below: 
If g(F ) = 2 then G must be one of the groups in Table 2 of Appendix B, whereas if g(F ) = 3 then G must be one of the groups in Table 3 . Let us consider separately the different cases.
Case (a). Using Corollary 3.6 we obtain g(C) − 1 = 15 32
|G|, hence 32 divides |G|; looking at Table 3 we see that the only possibilities are (3q) and (3r). In both cases [G, G] has order 4, so G is not (1 | 16)-generated and this contradicts n = (16). Hence this case does not occur.
Case (b). We obtain g(C) − 1 = 7 16 |G|, hence 16 divides |G|; looking at Table 2 we see that the only possibilities are (2f ) and (2i). In both cases one easily checks that [G, G] contains no elements of order 8, so G is not (1 | 8)-generated and this contradicts n = (8). Hence this case does not occur.
Case (c). We obtain g(C) − 1 = 11 24 |G|, so 24 divides |G|. Referring to Table 3 of Appendix B, we are left with cases (3l), (3m), (3n), (3o), (3p), (3s), (3t), (3u), (3v), (3w). All these possibilities can be ruled out by using Proposition 4.2, hence this case does not occur.
|G|, so 8 divides |G|. By direct computation or using GAP4 one checks that the groups in cases (2b), (2c), (2g) and (2i) are not (1 | 4)-generated, contradicting n = (4); so the only possibilities are (2f ) and (2h). Let us show that both actually occur.
• Case (2f ) (1, 3). Set
We have Cl(y) = {y, y 3 }, Cl(y 2 ) = {y 2 , y 6 }, Cl(y 4 ) = {y 4 }. (1, 1) + 1 4
(1, 3), as required.
• Case (2h). G = SL2(F3), m = (3 2 , 4), g(C) = 10, Sing(T ) = 2 × 1 2
(1, 3). Set -12 points having stabilizer of order |h| = 4 and G-orbit of cardinality 6.
Now we show that all surfaces in Case (d) are minimal. In fact they contain only one singular Albanese fibreF , which is illustrated in Figure 3 . Here A, B, D1, D2 and D3 are (−2)-curves, C is a (−4)-curve and a straightforward computation shows that Using KSF = 2 andF 2 = 0 we obtain KSY = 0 and Y 2 = −2, so Y is not a (−1)-curve and S is minimal.
Case (e). We obtain g(C) − 1 = 3 8
|G|, hence 8 divides |G|. Referring to Table 3 in Appendix B, we have what follows.
-Cases (3b), (3c), (3g), (3h), (3i), (3j), (3l), (3m), (3s), (3v) must be excluded because the corresponding G are not (1 | 4)-generated, contradicting n = (4).
-Cases (3n) and (3w) must be excluded because no component of m is divided by 4, a contradiction because the singularities of T must be of type (1, 3) singularities, a contradiction. Now we show that Case (3u) occurs.
(1, 1). Set g1 = x, g2 = x 2 y 3 , g3 = y ℓ1 = y, h1 = x, h2 = xyxy 2 .
We have S = S σ∈G σyσ −1 and the elements of order 4 in S are precisely {y, z, y 3 z 3 , y 3 , z 3 , yz}. Moreover Cl(y) = {y, z, y 3 z 3 } and Cl(y 3 ) = {y 3 , z 3 , yz}. Take any h ∈ S such that |h| = 4; since h is not conjugate to h (1, 1), as required. The surface S contain only one singular Albanese fibreF , which is illustrated in Figure 4 . Here A, B, C, D are (−4)-curves and a straightforward computation shows that |G|, hence 4 divides |G|; moreover G must be (1 | 4
2 )-generated. Look at Table 2 of Appendix B. Cases (2b) and (2e) are excluded by using Proposition 4.2, whereas Case (2i) is excluded because GL2(F3) is not (1 | 4
2 )-generated. In cases (2c), (2f ), (2g) and (2h) all the elements of order 4 in G are conjugate to their inverse, hence if S contains a singular point of type (1, 1) it should also contain a singular point of type (1, 3), a contradiction. Hence we must only consider (2d). In this case G = D4,3,−1, which contains two conjugacy classes of elements of order 4, namely Cl(x) = {x, xy, xy 2 } and Cl(x 3 ) = {x 3 , x 3 y, x 3 y 2 }. Since the only element of order 2 in G is x 2 , two different 2-Sylow of G intersect exactly in x 2 . This show that T should contain some singular points of type 1 2
(1, 1), a contradiction.
Case (g). We obtain g(C) − 1 = 1 3 |G|, hence 3 divides |G|; moreover G must be (1 | 3)-generated. Referring to Table 2 of Appendix B, the groups in cases (2g), (2h), (2i) are excluded because they are not (1 | 3)-generated, so we are left to show that cases (2a), (2c) and (2e) occur.
• Case (2a). G = S3, m = (2 2 , 3 2 ), g(C) = 3, Sing(T ) = 2 × 1 3
(1, 2). Set g1 = (12), g2 = (12), g3 = (123), g4 = (132) ℓ1 = (123), h1 = (13), h2 = (12).
We have S = Cl((123)) = {(123), (132)} and for all h ∈ S |FixF,1(h)| = |FixF,2(h)| = 2 |FixC,1(h)| = |FixC,2(h)| = 1.
Hence C × F contains exactly 8 points with nontrivial stabilizer and the G-orbit of each of these points has cardinality |G|/|(123)| = 2. Looking at the rotation constants we see that Sing(T ) = 2 × 1 3
• Case (2d). G = D4,3,−1, m = (3, 4
2 ), g(C) = 5, Sing(T ) = 2 × 1 3
We have S = Cl(y) = {y, y 2 } and for all h ∈ S |FixF,1(h)| = |FixF,2(h)| = 2 |FixC,1(h)| = |FixC,2(h)| = 2.
Hence C×F contains exactly 16 points with nontrivial stabilizer and the G-orbit of each of these points has cardinality |G|/|y| = 4. Looking at the rotation constants we see that Sing(T ) = 2 × 1 3
• Case (2e). G = D6, m = (2 3 , 3), g(C) = 5, Sing(T ) = 2 × 1 3
We have S = Cl(y 2 ) = {y 2 , y 4 } and for all h ∈ S |FixF,1(h)| = |FixF,2(h)| = 2,
Hence C×F contains exactly 16 points with nontrivial stabilizer and the G-orbit of each of these points has cardinality |G|/|y 2 | = 4. Looking at the rotation constants we see that Sing(T ) = 2 × 1 3
(1, 2), as required. Now we show that the surfaces in Case (g) are minimal. In fact they all contain only one singular Albanese fibreF , which is illustrated in Figure 5 . Here A1, A2, B1, B2 are (−2)-curves, C, D are Using KSF = 2 andF 2 = 0 we obtain KSY = 0 and Y 2 = −2, so Y is not a (−1)-curve and S is minimal.
The case where S is not minimal
The description of all non minimal examples would put an end to the classification of standard isotrivial fibrations with pg = q = 1; however, it seems to us difficult to achieve it by using our methods. We can prove the following where Crit(α) is the set of points of E where the fibre ofα is singular. The integer µx satisfies µx ≥ 1 and equality holds if and only if the fibre ofα over x has an ordinary node as unique singularity. This would imply that the general fibre of α is rational, a contradiction. Therefore µx ≥ 2 for every x ∈ Crit(α), sô α has at most five singular fibres.
The main problem is that further (−1)-curves may appear after contracting the (−1)-curves of S. This happens for instance in the following example.
An example with
In this section we construct a standard isotrivial fibration S with pg = q = 1 and
g(C) = 10, n = (7),
We have S = S σ∈G σyσ −1 = {y, y 2 , y 3 , y 4 , y 5 , y 6 } and moreover Cl(y) = {y, y 2 , y 4 }, Cl(y 3 ) = {y 3 , y 6 , y 5 }. Hence for all h ∈ S we obtain
It follows that C × F contains exactly 9 points with nontrivial stabilizer and for each of them the G-orbit has cardinality |G|/|y| = 3. Looking at the rotation constants we see that Sing(T ) = 1 7 (1, 1) + 1 7 (1, 2) + 1 7 (1, 4), so using Proposition 5.1 one checks that S is a surface of general type with pg = q = 1, K 2 S = 1. Furthermore the surface S contains only one singular Albanese fibreF which is illustrated in Figure 6 below.
Figure 6.
Notice that, since 2·4 ≡ 1 (mod 7), the cyclic quotient singularities 1 7
(1, 2) and (1, 4) [7, 4] 1 27
(1, 7) 11 + 11/27 −148/27 1 27
(1, 5) [6, 2, 3]
1 27
(1, 11) 11 + 16/27 −11/3 (1, 13) 11 + 25/31 −58/31
Appendix B
This appendix contains the classification of finite groups of automorphisms acting on Riemann surfaces of genus 2, and 3 so that the quotient is isomorphic to P 1 . In the last case we listed only the nonabelian groups. Tables 1, 2 and 3 are adapted from [Br90, pages 252, 254, 255] . For every G we give a presentation, the vector m of branching data and the IdSmallGroup(G), that is the number of G in the GAP4 database of small groups. The second author wishes to thank S. A. Broughton who kindly communicated to him that the group G(48, 33) ( Table 3 , case (3t)) was missing in [Br90] . 
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